When the members of a voting body exhibit single peaked preferences, majority winners exist. Moreover, the median(s) of the preferred alternatives of voters is (are) indeed the majority (Condorcet) winner(s). This important result of Duncan Black (1958) has been crucial in the development of public economics and political economy, even if it only provides a su¢ cient condition. Yet, there are many examples in the literature of environments where voting equilibria exist and alternative versions of the median voter results are satis…ed while single peakedness does not hold. Some of them correspond to instances
Introduction
The existence of voting equilibria is crucial in all models of the economy where some of the variables are determined by the political process, rather than set by the market. The tax rates, the level of provision of public goods or the location of public facilities are examples of such variables. Some simple models just try to describe the partial process leading to determine one of these variables. Others incorporate their choice into a larger picture, where markets coexist with the political process and these variables are jointly determined with many others. Public economics, political economy, public choice and other strands of economic analysis base their predictions on the study of equilibria in models of this kind, and yet the existence problems pop out even in the simplest and most stylized versions of reality. In particular, voting equilibria fail to exist when voting is by majority and cycles arise. The possibility of simple majority cycles is just one instance of the pervasive di¢ culties that lure behind the use of any type of voting rule, with unrestricted domain. Arrow's impossibility theorem is a warning that some restrictions are needed to get any form of existence results.
Luckily, there are many models of economic interest where individual preferences can be expected to meet the type of requirements that would avoid social preference cycles. A major instance is the case where it can be proven or assumed that preferences of voters are single peaked. Then, majority voting leads to well de…ned equilibrium outcomes. These are called the Condorcet winners, and they are those alternatives that do not loose by majority to any other. Moreover, Condorcet winners under single peakedness are the medians of the distribution of preferred alternatives for the di¤erent voters, and they are unique under well de…ned circumstances.
Single peakedness is the oldest and probably the best known restriction on agents'preferences guaranteeing the existence of voting equilibria (Black, 1958) . It is sometimes predicated by assumption, but most often it is derived as the natural consequence on a reduced model, where there is only one variable to choose, of assuming convex preferences on a larger space, from which the reduced model is derived.
Much in the same way as convexity induces single peakedness in some reduced models, other general assumptions regarding preferences also induce alternative domain restrictions when applied to simple enough frameworks. This is the case, for example, when preferences satisfy the single crossing property (Mirrlees, 1971 , Gans and Smart, 1996 , and Milgrom and Shannon, 1994 , or the condition of intermediateness (Grandmont, 1978 , Rothstein, 1990 . Thanks to the implications of these assumptions, it is possible to prove that Condorcet winners exist in many models of political economy, and to identify these winners with the best alternative for some median voter.
Notice that single peakedness, single crossing and intermediateness appeared independently of each other in the economics literature, that they do not imply one another, and that each one results from its own underlying logic.
In this paper we propose a new condition on preference pro…les over onedimensional alternatives, which we call top monotonicity. We prove that top monotonicity can be viewed as the common root of all these classical restrictions, which had been perceived till now as rather di¤erent and unrelated to each other. Speci…cally, we'll show that single peakedness, as well as the one-dimensional versions of intermediateness and single crossing all imply top monotonicity. In addition, we'll prove that top monotonicity is su¢ cient to guarantee the existence of Condorcet winners, and that these will be closely connected to an extended notion of the median voter.
Therefore, we claim to have achieved a double goal. One is to clarify the connections among di¤erent restrictions that guarantee the existence of Condorcet winners, by …nding their common root. The other is to extend the median-based existence result to preference pro…les which allow for much richer combinations of individual preferences than those previously considered. In fact, classical conditions are encompassed by our restriction, but many other pro…les will also pass our test (and thus guarantee existence), while not meeting any of the traditional requirements. A third and nontrivial contribution of the paper is of a more technical nature. Our restriction allows for agents to exhibit indi¤erences to an extent that classical domain restrictions do not. To the extent that indi¤erences on subsets of alternatives may arise in many natural settings, this ability to deal with them may well be considered substantial, in addition to being an obvious technical improvement.
We proceed as follows. After this introduction, in Section 2 we present the basic framework to be discussed, introduce the classical restrictions for the purpose of reference, present our new condition and prove that it encompasses all the previous ones. In Section 3 we show that the median voter result extends to our new framework, with appropriate quali…cations. In Section 4, we discuss why we think that knowing about this new restriction is useful, beyond the obvious fact that it involves an extension and uni…cation of known results. Speci…cally, we argue that some necessary conditions for our restriction to be satis…ed are easy to check, and we also present some stylized economic models where top monotonic pro…les arise naturally, while the previously known domain restrictions would not hold.
The Model
Let A be a set of alternatives and N be a set of agents.
Agents'preferences on the alternatives are complete, re ‡exive and transitive binary relations on A. We denote the preference of i by < i . Its strict part i is de…ned so that, for any x; y 2 A, x i y () (x < i y and not y < i x). Its indi¤erence part i is de…ned so that, for any x; y 2 A, x i y () (x < i y and y < i x). The set of all preferences on A is denoted by <.
Preference pro…les are elements of < n , and they are denoted by <= (< 1 ; ::; < i ; :::; < n ), < 0 = (< 0 1 ; :::; < 0 i ; :::; < 0 n ), etc. For all i 2 N , for any S A, we denote by t i (S) the set of maximal elements of < i on S. That is, t i (S) = fx 2 S such that x < i y for all y 2 Sg, the set of maximal elements on S for each < i . We call t i (S) the top of i in S. When t i (S) is a singleton, t i (S) will be called i's peak on S.
For each preference pro…le <, let A(<) be the family of sets containing A itself, and also all triples of alternatives which are top on A for some agent k 2 N according to <.
Before introducing our new condition, let us recall some classical ones that it will encompass as particular cases. We begin by single peakedness.
De…nition 1 A preference pro…le < is single peaked i¤ there exists a linear order > of the set of alternatives such that (1) Each of the voters' preferences has a unique maximal element p i (A), called the peak of i, and (2) For all i 2 N , for all p i (A), and for all y; z 2 A
When convenient, we'll say that a preference pro…le is single peaked relative to >.
Single peakedness requires each agent to have a unique maximal element. Moreover, it must be true for any agent that any alternative z to the right (left) of its peak is preferred to any other that is further to the right (left) of it. In particular, this implies that no agent is indi¤erent between two alternatives on the same side of its peak. Moreover, indi¤erence classes may consist of at most two alternatives (one to the right and one to the left of the agent's peak).
There are situations where it would be natural to allow for larger indifference classes. Yet, weakening the notion of single peakedness to allow for indi¤erences is a delicate matter, because it may destroy all regularities of the majority rule. This is a well known fact (see Exercise 21.D.14 in MasColell, Whinston and Green, 1995) , but the distinction between indi¤erences that do not create cycles and others that do has not been studied systematically. Still, we know that one very important source of breakdown arises when indi¤erences result from the existence of outside options (see Cantala, 2004) . Barberà (2007) describes the complex role of indi¤erences in domain restrictions.
Among other things, our de…nition of top monotonicity will stretch the extent to which one may accommodate indi¤erences and still obtain positive results regarding Condorcet winners. The careful reader will be able to notice at di¤erent points that we actually are able to include in our analysis many combinations of preference pro…les where indi¤erences would preclude the satisfaction of conditions stronger than ours. In particular, we never need to exclude individuals whose preferences are ‡at over large sets of alternatives. At this point, though, we simply remind the reader of a non-controversial extension that allows for indi¤erences among top alternatives: it is the idea of single plateaued preferences.
De…nition 2 A preference pro…le < is single plateaued i¤ there exists a linear order > of the set of alternatives such that (1) The set of alternatives in the top of each of the voters is an interval
relative to >, called the plateau of i, and (2) For all i 2 N , for all t i (A), and for all y; z 2 A
When convenient, we'll say that a preference pro…le is single plateaued relative to >.
An important result of Black is that Condorcet winners exist under single peaked preferences, and that they coincide with the median(s) of the distribution of the voters'peaks. An elegant extension of the result to the case of single plateaued preferences is due to Fishburn (1973, Theorem 9.3) .
Let us now turn to other types of domain restrictions that have already been proven to be related among them, but are usually considered to be quite separate from the logic of single peakedness. We refer speci…cally to the one dimensional versions of single crossing and of intermediate preferences.
The latter appears in the social choice literature under the name of order restriction.
De…nition 3 A preference pro…le < satis…es the single crossing condition i¤ there exist a linear order > of the set of alternatives and a linear order > 0 of the set of agents such that for all i; j 2 N such that j > 0 i, and for all x; y 2 A such that y > x y < i x ! y < j x, and
When convenient, we'll say that a preference pro…le is single crossing relative to > and > 0 .
De…nition 4 If B and C are sets of integers, let B >> C mean that every element of B is greater than every element of C. A preference pro…le < is order restricted on A i¤ there is a permutation : N ! N such that for all distinct x; y 2 N ,
Remark 1 Single crossing and order restriction have been proven to be equivalent (Gans and Smart, 1996) . We shall use one or the other in our reasonings and comparisons with other conditions, depending on which version is more amenable to treatment in each case. Both requirements have been frequently used in the political economy literature to prove the existence of Condorcet winners. Indeed, a median result also holds under both preference conditions, since they coincide with the top alternative(s) of the median agent(s) in the order of voters implied by these conditions.
It is now time to present our top monotonicity condition.
De…nition 5 A preference pro…le < is top monotonic i¤ there exists a linear order > of the set of the alternatives, such that for all S 2 A(<), for all i; j 2 N , all x 2 t i (S), all y 2 t j (S), and any z 2 S
When convenient, we'll say that a preference pro…le is top monotonic relative to >.
Remark 2 When, in addition of satisfying the requirements of De…nition 5, the pro…le < is such that t i (A) is a singleton for all i, we will say that it is peak monotonic relative to >.
We can begin by comparing top monotonicity with single peakedness and single plateauedness to see that it represents a signi…cant weakening of these conditions. Single peakedness requires each agent to have a unique maximal element. Moreover, it must be true for any agent that any alternative y to the right (left) of its peak is strictly preferred to any other that is further to the right (left) of it. In particular, this implies that no agent is indi¤erent between two alternative on the same side of its peak. Hence, indi¤erence classes may consist of at most two alternatives (one to the right and one to the left of the agent's peak).
In contrast, our de…nition of top monotonicity allows for individual agents to have nontrivial indi¤erence classes, even among alternatives out of the top. In that respect, it allows for many more indi¤erences than single plateaued preferences do. Most importantly, top monotonicity relaxes the requirement imposed on the ranking of two alternatives lying on the same side of the agent's top. Under our preference condition, this requirement is only e¤ective for triples where the alternative that is closest to the top of the agent is itself a top element for some other agent. Moreover, the implication is only in weak terms when the alternative involved in the comparison is top for one or for both agents.
A similar, although less direct comparison can be made between top monotonicity and intermediateness or order restriction. The original conditions involve comparisons between pairs of alternatives, regardless of their positions in the ranking of agents. Top monotonicity is also a strict weakening of these requirements, involving the comparison of only a limited number of pairs.
Finally, let us remark that our new de…nition is predicated on the set of all alternatives, and also on A(<), i.e., on triples of alternatives which are top for some agent. As we shall see in Section 3, this additional requirement is needed because the property of top monotonicity on a set is not necessarily inherited on its subsets.
We can now state the following result, proving that top monotonicity is a common root for all the above conditions above as it is implied by any of them.
Theorem 1 If a preference pro…le is single peaked, single plateaued, single crossing or order restricted, then it also satis…es top monotonicity. P roof. It is obvious from the de…nition that single peaked and single plateaued preferences satisfy top monotonicity. Gans and Smart (1996) prove that single crossing and order restriction are equivalent. Therefore, it will be su¢ cient to show that single crossing preferences satisfy top monotonicity 1 . This implies showing that top monotonicity hods for the set of all alternatives, and also for each triple of alternatives which are top. Notice that single crossing on all alternatives implies single crossing on triples. Therefore, our argument below, which does not appeal to the size of the set of alternatives covers all cases simultaneously. Let < be a single crossing preference pro…le relative to a linear order > of the set of alternatives and to a linear order > 0 of the set of agents. We now show that < is top monotonic relative to the linear order > of the set of alternatives. Suppose not. Then, there exist i; j 2 N , x 2 t i (S), y 2 t j (S), and z 2 S such that y > x and z > y (the case in which y < x and z < y is equivalent) but (a) it is not the case that
We …rst consider part (a). Suppose that z 2 t i (S) [ t j (S) but z i y. If j > 0 i we have that z > y, and z i y, a contradiction since y 2 t j (S) implies y < j z. Second, if i > 0 j we have that y > x and y < j x, contradicting the assumption that x i y. We now consider part (b). Suppose that z = 2 t i (S) [ t j (S) but z < i y. If j > 0 i we have that z > y, and z < i y, a contradiction since y 2 t j (S) and z = 2 t j (S) implies y j z. If i > 0 j we have that y > x and y < j x but since z = 2 t i (S) we have that x i y, our last contradiction.
Before we …nish the section, let us present some examples and provide some further precisions regarding the requirement of top monotonicity. Examples 1 and 2 show that neither single peakedness implies single crossing nor the converse.
Example 1 Single peakedness without single crossing. Suppose A = fx; y; z; wg and N = f1; 2; 3g. Assume that preferences are as in Table I and Figure 1 . It is easy to see that the pro…le is single peaked relative to z < y < x < w. However, the pro…le violates single crossing relative to z < y < x < w, for any order > 0 of the agents (and therefore it is not order restricted either). If 2 < 0 3, w 2 z and z 3 w constitute a violation of single crossing. If 3 < 0 2, x 3 y and y 2 x constitute a violation of single crossing. Similar arguments apply for any other order of alternatives. Example 2 Single crossing without single peakedness. Suppose A = fx; y; zg and N = f1; 2; 3g. Assume that preferences are as in Table II and Figure  2 . It is easy to see that this preference pro…le satis…es single crossing on A, relative to x < y < z and 1 < 0 2 < 0 3. However, the reader can check that this preference pro…le is neither single peaked, nor single plateaued. In Examples 1 and 2, references to single crossing could be changed to order restriction, because the equivalence between both properties. The reader can also check by inspection that, as expected from Theorem 1, top monotonicity is satis…ed in both examples.
Example 3 shows that top monotonicity can be satis…ed even none if the previously considered conditions hold.
Example 3 Top monotonicity without single peakedness or single crossing. Suppose A = fx; y; z; wg and N = f1; 2; 3g. Assume that preferences are as in Table III and Figure 3 . It is easy to see that the pro…le is top monotonic relative to x < y < z < w. The preference pro…le is not single peaked on A because there are triples of alternatives such that any of the three are last for the preferences of some agent.
2 Finally, we show that the preference pro…le is not order restricted for any order of the set of agents, and therefore it is not single crossing. To prove it, consider the three distinct permutations for 1, 2 and 3. If 1 < 2 < 3, x 1 y and y 2 x but x 3 y; if 1 < 3 < 2, z 1 w and w 3 z but z 2 w; …nally, if 2 < 1 < 3, w 2 y and y 1 w but w 3 y. The standard conditions that we have proven to be special cases of top monotonicity share a common feature: when they hold for the universal set of alternatives, they also apply when we restrict attention to any of its subsets, and to triples in particular. 3 In contrast, such inheritance properties from the large to the small do not hold in our case. Example 4 below shows that top monotonicity can be satis…ed in a four-alternative pro…le, and yet not hold when we look at the pro…le's restriction to a triple. This, of course, extends to larger sets, where we may have top monotonicity at large, and yet not for some subset of alternatives.
Example 4 Let A = fx; y; z; wg, and N = f1; 2; 3g. Assume that preferences are as in Table IV . It is easy to see that the pro…le is peak monotonic (and therefore top monotonic) relative to x < y < z < w. However, it violates peak monotonicity on fx; y; zg not only relative to x < y < z, but also for any other order of the alternatives. What is going on in this Example is that there is a cycle between x, y and z, and yet top monotonicity is satis…ed in the presence of the fourth alternative w, which is actually the Condorcet winner. Indeed, our domain restriction does not preclude cyclical patterns, but just guarantees that these do not occur at the top of the majority relation. Another way to understand why top monotonicity on a set of alternatives is not inherited on its subsets is by realizing that, as we change the size of relevant sets, we also change the collection of top alternatives, and therefore of the pairs to be compared. This is why, in order to control some limited relationships among some triples of alternatives, top monotonicity is required to hold not only on the universal set A, but also on triples of alternatives which are top for some agents.
One last interesting point regarding our new de…nition is that, when we restrict attention to preference pro…les de…ned on triples, and where no agent is fully indi¤erent, then top monotonicity is equivalent to single crossing. 4 This shows that it is important to preserve the level of generality that we have achieved in our de…nition, if we want to have a domain restriction which really supersedes all those that we have considered as predecessors. In particular, the encounter of single peakedness and single crossing could not have been reached if we had insisted on looking at triples as the starting point of our analysis.
Weak medians of the tops and the existence of Condorcet winners
In this Section, we show that top monotonicity guarantees the existence of Condorcet winners and preserves a version of the median voter result. Before stating this second result of the paper, we introduce some notation. Let > be a linear order of the set of alternatives and < be a preference pro…le. For any z 2 A, we de…ne the following three sets
and
We remark that when < is top monotonic relative to >, and z is in the top of some agent i, then N fzg 6 = ; and the three sets (N fzg ; N fzg ; N fzg + ) constitute a partition of the of voters N . Indeed, N fzg contains all voters, including i, for whom z is in the top. N fzg (resp. N fzg + ) contains all voters for which all top elements are to the left (resp. to the right) of z. Clearly, then, these three sets are disjoint. To prove that their union contains all elements of N , suppose not. Then, for some agent l, z should not be in l 0 s top, while some alternatives x and y, one to the right and one to the left of z, should belong to the top of l. But then, by top monotonicity we would have z < l x and also z < l y. Since x and y are both top for l, so is z, a contradiction 5 . Let n, n fzg , n fzg , and n fzg + be the cardinalities of N , N fzg , N fzg and N fzg + , respectively. From the remark above, we know that if z is in the top of some agent, then n fzg + n fzg + n fzg + = n. The following de…nition will allow us to establish an analogue of the classical median voter result for the case of top monotonic pro…les.
De…nition 6 An alternative z is a weak median top alternative in a top monotonic pro…le < relative to an order > of the set of alternatives i¤ (1) z is a top alternative in < for some agent, and (2) n fzg + n fzg > n fzg + and n fzg + n fzg + > n fzg .
We will denote by M T (<) the set of weak median top alternatives at that pro…le. We de…ne m and m + as the lowest and the highest elements in this set according to the order > at that pro…le.
De…nition 7 An alternative z is an extended weak median in a top monotonic pro…le < relative to an order > of the set of alternatives i¤ m 6 z 6 m + .
We will denote by M (<) the set of extended weak median alternatives at that pro…le.
We can now state and prove the following result.
Theorem 2 (1) Whenever a pro…le of preferences is top monotonic relative to some order >, the majority relation has Condorcet winners, which belong to the set of extended weak alternatives at that pro…le.
(2) If the pro…le of preferences is peak monotonic, the median(s) of the distribution of agents'peaks is (are) Condorcet winners.
P roof. Statement (2) is an immediate corollary of (1) when all agents' tops are singletons. We now prove statement (1). Let the preference pro…le <2 < n be top monotonic on A relative to >. The strategy of proof involves showing that (a) There are alternatives in M T (<) which do not loose against any element of M T (<). To establish that, we show that the majority relation on M T (<) is quasitransitive. As we shall see, the argument uses the part in the de…-nition of top monotonicity which requires the property to hold on triples of alternatives that are top for some agent. (b) Alternatives in M T (<) do not loose against alternatives in M (<)nM T (<), (c) All alternatives outside M (<) are defeated by some element in M T (<), and (d) All the alternatives in M T (<) which do not loose against any element of M T (<) do not loose against any alternative outside M (<) either. Steps (a), (b) and (d) imply that the undefeated elements in M T (<) that we identify in (a) are indeed Condorcet winners and (c) proves that no alternative outside M (<) can be. Notice that conclusion (b) does not preclude the possibility of additional elements in M (<) but not in M T (<) also being Condorcet winners. (a) To prove that there are alternatives in M T (<) which do not loose against any other element of M T (<), it is enough to show that the majority relation is quasitransitive on that set. Let, w.l.o.g., x; y; z 2 M T (<) be such that x < y < z. Top monotonicity, by de…nition, holds on each such triple, since all elements in M T (<) are tops for some agent. First notice that if one of the admissible preference relations in the pro…le has y as its unique top alternative, then top monotonicity requires that all preferences in this pro…le should be single plateaued. In that case, it is well known that the majority preference relation is quasitransitive. Also notice that, since < is top monotonic relative to x < y < z, preferences where x i z i y, z i x i y and x i z i y cannot be part of the pro…le. In view of the preceding remarks, we are left with the cases where our preference pro…le is a combination of the preferences that appear below:
x xy x z zy z y z yz y x xy z x To …nish our argument, let n i be the number of agents of type < i . We write a b i¤ #fi 2 N : a i bg > #fi 2 N : b i ag for all a 6 = b, a; b 2 fx; y; zg. We must prove that: x y and y z implies x z, x z and z y implies x y, y z and z x implies y x, y x and x z implies y z, z x and x y implies z y and z y and y x implies z x. We provide the argument for the case x y and y z, proving that this implies x z. Other proofs are left to the reader. Since x y, n 1 + n 3 > n 4 + n 5
( 1) and since y z,
We must show that n 1 + n 2 + n 3 > n 4 + n 5 + n 6 . In fact, not all combinations of these preferences are compatible, given that our pro…le satis…es top monotonicity. Speci…cally, < 2 and < 3 or < 5 and < 6 are not mutually compatible: that is, either n 2 or n 3 must equal 0, and either n 5 or n 6 must equal 0. Therefore n 1 + n 2 + n 3 = maxfn 1 + n 2 ; n 1 + n 3 g and n 4 + n 5 + n 6 = maxfn 4 + n 5 ; n 4 + n 6 g. From (1) and (2), it follows that maxfn 1 + n 2 ; n 1 + n 3 g > maxfn 4 + n 5 ; n 4 + n 6 g.
(b) We now show that no y 2 M T (<) looses against alternatives in M (<) nM T (<).
Suppose that x > y (the case y > x is identical). Because x is not a top alternative, by top monotonicity y i x for all i 2 N fyg [ N fyg . Since y is a weak median top alternative, n fyg + n fyg > n fyg + . Therefore y is not defeated by x in pairwise comparisons.
(c) We'll show that m defeats by majority any alternative to its left, and that m + defeats any alternative to its right. We provide the argument for m and x < m . Notice that, since m is the lowest weak median top alternative n fm g < n fm g + n fm g + .
By top monotonicity, notice that, and that fi 2 N : m i x and m < t i (S)g = N fm g + . Hence, the number of votes for x against m (including indi¤erent agents, which we take to vote on both directions) is at most n fm g . The number of votes for m against x (again counting indi¤erences) is n fm g + n fm g + . Therefore, m defeats any x < m by majority. (d) Finally, it is not hard to prove that if an alternative w in M T (<) is never defeated by others in M T (<), it will not be defeated by m and m + , and it will not be defeated by any alternative not in M (<).
How useful is our new restriction?
In Section 2 we have proven that top monotonicity is a weakening of classical domain restrictions. This gain in generality is clarifying, since it exhibits the common root of conditions that have been till now perceived as quite unrelated and that are indeed independent from each other, as shown by Examples 1 and 2. In Section 3 we have shown that this gain in scope still allows for an existence result for Condorcet winners where medians play a central role. In the present section, we want to address the following two questions: (1) When confronted with a given preference pro…le, can we easily recognize whether it satis…es top monotonicity? (2) Are there interesting economic models where top monotonicity holds, while previously known conditions do not?
Necessary conditions for top monotonicity
To answer the …rst question, we present a condition that is easy to check and that is necessary for a pro…le to be top monotonic. A simple version of this result applies for peak monotonic pro…les. In this case, where each agent has a singleton top, the condition requires that the pro…le of preferences over the peaks of individuals to be single peaked. This is easy to check. Establishing peak monotonicity may be harder, but discarding it is a simple matter. In the general case of top monotonicity, we can establish a similar necessary condition, which is close to requiring that preferences of tops should be single plateaued. Proposition 2, whose proof we leave to the reader, will make this intuition more precise.
Given a preference pro…le let F (<) be the set of alternatives that belong to the top set of some agent.
De…nition 8 A preference pro…le < is weakly single plateaued on S A relative to a linear order > of the set of alternatives, i¤ (1) Each of the voters' preferences has a unique maximal interval t i (S) = [p i (S); p + i (S)], called the plateau of i, and (2) For all i 2 N , for all t i (S), and for all y; z 2 S
Proposition 1 A preference pro…le < is top monotonic on A relative to a linear order > of the set of alternatives only if it is weakly single plateaued on F (<) relative to the same linear order when restricted to the set of alternatives in F (<).
In the case of peak monotonic pro…les, weak single plateauedness on F (<) collapses to the standard condition of single peakedness on F (<).
Economic models giving rise to top monotonicity
Top monotonicity leaves room for new types of preferences that arise from the analysis of economic models.
Take, as in Figure 4 , for example an agent who can guarantee herself the maximum of two utilities on an interval [0; T ]. 0 T Figure 4 . Two utilities whose envelope represents the preference of an agent.
Then, the attainable utilities by her choices on [0; T ] are represented by the upper envelope of two curves. This agent will have two local peaks, one which (at least) will be global.
Assume that, in addition to this general structure, the speci…c shapes of the preferences of di¤erent agents are such that:
(a) There exist two points B and B 0 such that the left global peaks of the agents will be attained below B, and the right global peaks will be attained above B 0 , and (b) If the global peak of an agent i is below B this agent prefers B 0 to any alternative above B 0 and if the global peak of an agent i is above B 0 this agent prefers B to any alternative below B. Then, the reader can check that pro…les of these double peaked preferences arising from such a construction do satisfy top monotonicity. We propose this particular structure because it captures the main features of pro…les that arise when solving for the preferences of individuals in models of public economics where two modes of provision of a service are possible. Example of these include the choice of a tax rate to …nance a public good (Stiglitz, 1974) or the choice of a tax rate to …nance public schooling in the presence of an option to buy private schooling (Epple and Romano, 1996) 6 . In both cases, one of the maxima is attained at 0 (which plays the role of our B point), and the other at some point beyond that which would make the individual indi¤erent between the public and the private option (this is our point B 0 above). The additional connections between the preferences of di¤erent agents establishing whether or not they satisfy top monotonicity as a whole pro…le depend on well de…ned economic variables.
Admittedly, our condition is not always equally useful. In the models where it is, there will exist regions where no global peak is to be found. This is the role of B and B 0 . We are aware that, in some applications, it is useful to assume that all alternatives are the unique peak for some agent. When this is the right modelling decision, we have little new to o¤er, since then top monotonicity collapses to single peakedness (and so do all other classical domain conditions). Similarly, if any subset of the set of alternatives is a plateau for some agent, top monotonicity collapses to single plateaued preferences.
Even in these cases, where preferences domains are assumed to be so rich, we have something to contribute. Our previous analysis shows that, if one is ready to work under the assumption that any subset is a top for someone, then all other classical conditions collapse to that of single peakedness. This gives special value to that classical condition.
